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Abstrat
We reonsider models of fermion masses and mixings based on a gauge anomalous horizontal
U(1) symmetry. In the simplest model with a single avon eld and horizontal harges of the
same sign for all Standard Model elds, only very few harge assignements are allowed when
all experimental data, inluding neutrino osillation data, is taken into aount. We show that
a preise desription of the observed fermion masses and mixing angles an easily be obtained
by generating sets of the order one parameters left unonstrained by the U(1) symmetry. The
orresponding Yukawa matries show several interesting features whih may be important for
avour hanging neutral urrents and CP violation eets in supersymmetri models.
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1 Introdution
The origin of the fermion mass and mixing textures is a hallenge for physis beyond the
Standard Model. One promising approah to that problem is based on hypothetial horizontal
symmetries whih are spontaneously broken by vauum expetation values of some avon
elds Φ. Hierarhial patterns in the fermion mass matries an then be explained by the
Froggatt-Nielsen mehanism [1℄, as due to suppression fators (〈Φ〉/M)n, where M is the sale
of integrated out physis and the power n depends on the horizontal group harges of the
fermion, Higgs and avon elds.
Fermion mass models based on abelian [2℄[10℄ and non-abelian [11℄ horizontal symmetries
have been widely disusssed in the literature. Eah approah has its own virtues and shortom-
ings, partiularly when realized in supersymmetri models, whih we onsider here. U(2) and
SU(3) symmetries are quite preditive for fermion mass matries one the pattern of symmetry
breaking is speied. However, the quantitative desription of fermion masses and mixings
requires a rather ompliated struture of symmetry breaking. The main shortoming of U(1)
horizontal symmetries as models of fermion masses is the dependene of the quantitative pre-
ditions on arbitrary order one oeients, the remnant of the integrated out unknown physis.
In priniple also the arbitrariness in the hoie of the abelian harges for fermions looks less
appealing than the rigid strutures of the essentially unique hoies of U(2) and SU(3) as on-
tinuous horizontal non-abelian symmetry groups. But that last point is balaned by the fat
that the breaking of the U(1) symmetry is muh simpler.
U(1) gauge group fators are generi in string models. One partiularly simple and attrative
horizontal symmetry is the anomalous U(1) often found in heteroti string ompatiations.
Anomaly anellation by the Green-Shwarz mehanism [12℄ is possible only under ertain
onditions whih strongly onstrain the possible hoies of horizontal U(1) harges for fermions.
It has already been notied long ago that those onstraints are at a qualitative level amazingly
onsistent with the quark masses and mixings [4℄[9℄. A partiularly appealing feature of the
anomalous U(1) is that the symmetry breaking parameter 〈Φ〉/M an be omputed in terms
of the horizontal harges, and that its value in expliit models turns out to be very lose to the
Cabibbo angle. Furthermore, with positive harges for matter elds and negative for the avon
eld (or vie-versa), this vauum is unique.
The purpose of this note is to update the preditions for fermion masses of the simplest,
string-inspired gauge anomalous U(1) models with a single avon eld Φ. We are motivated by
several fators. One is the reent experimental progress in neutrino physis. Neutrino masses
and mixings an be well desribed by models based on horizontal U(1) symmetries, and it is
therefore interesting to hek what phenomenologial onstraints, in addition to the Green-
Shwarz anomaly anellation onditions, are put on the horizontal harges by the requirement
that the same gauged U(1) symmetry explains both the quark and lepton mass hierarhies. In
fat, assuming that all Standard Model elds have horizontal harges of the same sign, we nd
a very limited number of possible harge assignments.
Furthermore, it is interesting to hek the suess of these models beyond the qualitative
1
level. In this paper, we perform a omplete numerial t of a few representative models to
fermion masses and mixings, with the inlusion of omplex order one oeients and with
attention paid to the tanβ dependene.
Finally, in supersymmetri models there are new soures of avour and CP violation in-
dued by virtual sfermion exhanges. Sfermion mass matries depend both on the pattern of
supersymmetry breaking and on the rotations to the super-CKM basis whih are determined
by the fermion mass matries. Thus, it is useful to have an expliit set of suessful fermion
mass models, dened by a set of horizontal harges and omplex order one oeients. The
fat that only a small number of harge assignments are allowed makes it possible to test the
phenomenologial impliations of an anomalous gauge horizontal symmetry. In a forthoming
paper, we shall use this set of models to study avour hanging neutral urrents (FCNCs) in
supersymmetry breaking senarios with dominant D-term breaking.
The paper is organized as follows. In the next setion, we review the basi properties of
fermion mass models based on an anomalous U(1) and list the phenomenologially allowed
harge assignements. In setion 3 we generate sets of omplex order one oeients giving a
preise desription of fermion masses and mixings, and study the features of the assoiated
Yukawa matries relevant for FCNC and CP violating proesses. Finally, we present our on-
lusions in setion 4.
2 Constraints on U(1)X harges
The models we onsider in this paper are extensions of the (R-parity onserving) MSSM with a
horizontal gauge abelian symmetry U(1)X and a hiral supereld Φˆ with X-harge normalized
to −1, whose vauum expetation value breaks the horizontal symmetry. The X-harges of
the MSSM superelds QˆA, Uˆ
c
A, Dˆ
c
A, LˆA, Eˆ
c
A (A = 1, 2, 3), Hˆu and Hˆd are denoted by qA,
u¯A, d¯A, lA, e¯A, hu and hd, respetively. The model also ontains three right-handed neutrino
superelds Nˆ cA with harges n¯A, whih are needed to generate the neutrino masses via the
seesaw mehanism [13℄. No additional matter harged under the SM gauge group is assumed,
although the forthoming analysis would not be altered by the presene of vetor-like matter
under both the SM gauge group and U(1)X . The Yukawa ouplings of quarks and leptons
are generated via the Froggatt-Nielsen mehanism [1℄, from nonrenormalizable superpotential
terms of the form:
CABu Uˆ
c
AQˆBHˆu
(
Φˆ
M
)u¯A+qB+hu
. (1)
These terms arise upon integrating out heavy vetor-like (super)elds, the so-alled Froggatt-
Nielsen elds, whose harateristi mass sale is M . In string ompatiations, the rle of the
Froggatt-Nielsen elds is played by massive string modes, and M is identied with the Plank
sale (although vetor-like elds may also be present among the massless string modes). After
breaking of the horizontal symmetry by the VEV of the salar omponent φ of the supereld Φˆ,
2
one obtains eetive Yukawa ouplings suppressed by powers of the small parameter ǫ ≡ 〈φ〉/M :
Y
AB
u = C
AB
u ǫ
u¯A+qB+hu . (2)
The fators CABu are not onstrained by the horizontal symmetry and are assumed to be of
order one. Then the hierarhy of Yukawa ouplings is determined, up to these unknown fa-
tors, by the harges of the MSSM elds. Sine holomorphiity of the superpotential forbids
nonrenormalizable terms with a negative power of the supereld Φˆ, one has YABu = 0 if
2
u¯A + qB + hu < 0. Similarly, Y
AB
u = 0 if u¯A + qB + hu is not an integer.
Within the above assumptions, one an show that the horizontal abelian symmetry has to
be anomalous [9℄ (see also Refs. [4, 5℄). Indeed, one has the following relations:
detMu detMd ∼ v3uv3d ǫC3+3(hu+hd) , (3)
detMd/ detMe ∼ ǫ− 12 (C1+C2− 83C3)+hu+hd , (4)
where C3 ≡
∑
A(2qA+ u¯A+ d¯A), C2 ≡
∑
A(3qA+ lA)+hu+hd and C1 ≡ 13
∑
A(qA+8u¯A+2d¯A+
3lA + 6e¯A) + hu + hd are the oeients of the mixed SU(3)C-SU(3)c-U(1)X , SU(2)L-SU(2)L-
U(1)X and U(1)Y -U(1)Y -U(1)X anomalies, respetively, and vu,d are the vauum expetation
values of the two Higgs doublets. If all anomaly oeients were vanishing, the hierarhy among
quark masses would require a large, positive value of hu+hd (hu+hd = 6−8 for ǫ = λ, where λ
is the sine of the Cabibbo angle, depending on the value of tan β), while the relation (4) would
require a muh smaller value (hu + hd = 1 or 2 for ǫ = λ). Therefore, the horizontal symmetry
has to be anomalous if it is to explain the observed fermion mass hierarhy.
This fat provides the main motivation for onsidering a gauged horizontal symmetry. It
is well-known that abelian gauge anomalies an be ompensated for by the Green-Shwarz
mehanism [12℄, as is ommon in four-dimensional heteroti string ompatiations
3
. This
requires that the following relations between anomaly oeients be satised:
C1
k1
=
C2
k2
=
C3
k3
=
CX
kX
=
TrX
12
, CXXY = 0 , (5)
where CX is the oeient of the ubi U(1)X anomaly, TrX is the oeient of the mixed
U(1)X -gravitational anomaly, and ka is the Ka-Moody level of the gauge group Ga, whih
2
This onlusion an be evaded if the Froggatt-Nielsen elds, instead of being vetor-like under both the
Standard Model gauge group and the U(1)X group as usually assumed, are hiral under U(1)X . In suh a ase
eetive operators arrying a negative X-harge an be indued in the low-energy eetive theory. Moreover,
even if the Froggatt-Nielsen elds are vetor-like under U(1)X , eetive operators LˆALˆBHˆuHˆu with a negative
X-harge may be indued by the seesaw mehanism, sine right-handed neutrino superelds are hiral under
U(1)X (see e.g. the model of Ref. [14℄).
3
Anomalous U(1)'s are also ommon in four-dimensional open string ompatiations. However, while
heteroti string ompatiations ontain at most one anomalous abelian gauge group fator, open string om-
patiations may ontain several anomalous U(1)'s whose anomalies are ompensated for by a generalized
Green-Shwarz mehanism [15℄. In this ase, the Green-Shwarz anomaly onditions are less onstraining than
in the heteroti ase, and the sale of breaking of the anomalous U(1)'s depends on twisted moduli vevs, whih
are xed by unknown nonperturbative physis. For these reasons, we prefer to onsider the ase of an anomalous
U(1) of the heteroti type, with its anomalies aneled by the universal Green-Shwarz mehanism.
3
depends on the ompatiation. The Ka-Moody level of a non-abelian gauge group is an in-
teger, while the Ka-Moody level of an abelian gauge group an be frational. In the following,
we shall assume k2 = k3, as is the ase in most of (if not all of) the heteroti string ompati-
ations onstruted so far. Sine the U(1)X -U(1)X-U(1)Y anomaly annot be ompensated for
by the Green-Shwarz mehanism, its oeient CXXY has to vanish by itself.
A nie feature of the Green-Shwarz mehanism is that the value of the Weinberg angle
at the string sale is determined by the ratio of the anomaly oeients C1 and C2 [16℄.
Indeed, upon ombining the anomaly onditions with the gauge oupling uniation relation
k1g
2
1 = k2g
2
2 = · · · = g2string valid at the string sale, one obtains:
sin θ2W (Mstring) =
C2
C1 + C2
. (6)
The anonial value of the Weinberg angle at the GUT sale (sin2 θW = 3/8) is obtained for
C1/C2 = 5/3, or equivalently for the normalization k1/k2 = 5/3, whih is well known from
string model builders. As observed in Refs. [4, 5, 8℄, this normalization (together with k2 = k3)
leads through Eq. (4) to
mdmsmb
memµmτ
∼ ǫhu+hd, whih given the unertainty due to the order one
oeients is onsistent with data
4
for hu + hd = 0,±1 or even ±2. Suh values of hu + hd are
suitable for eletroweak symmetry breaking if the µ-term is generated from the Giudie-Masiero
mehanism [17℄. In the following, we shall x the Weinberg angle at its anonial GUT value
and impose C1/C2 = 5/3.
Another nie feature of an anomalous U(1)X symmetry is that its breaking sale, hene
the small expansion parameter ǫ, is determined by the value of the gauge oupling at the
uniation sale and by the anomaly oeient C2 [14℄. Indeed, due to the fat that TrX 6= 0,
a Fayet-Iliopoulos term is generated at the one-loop level [18, 19℄:
ξ2 =
g2string
192π2
Tr(XM2) , (7)
where gstring is the string oupling andM the redued Plank mass. Provided that XΦTrX < 0,
this triggers a nonzero VEV of the salar omponent φ of the supereld Φˆ, whih sets the value
of the ǫ parameter to [14℄:
ǫ =
√
g2string
192π2
TrX =
√
α2
4π
C2 , (8)
where we have used the relations k2g
2
2 = g
2
string and C2/k2 = TrX/12 (reall that XΦ = −1). As
we shall see later, in realisti models the value of ǫ is very lose to the Cabibbo angle, λ ≃ 0.22.
We now look for solutions to the anomaly onstraints. In addition, we require the absene of
kineti mixing between the anomalous U(1) and the hyperharge, i.e. Tr(XY ) = 0. As notied
in Ref. [20℄, this ondition also prevents the generation of a large one-loop Fayet-Iliopoulos
term for the hyperharge [21℄ in the senario in whih the dominant ontribution to soft salar
4
Assuming approximate bottom-tau Yukawa oupling uniation at the GUT sale, this mass ratio is between
0.75 and 0.9 for the entral values of the fermion masses in the tanβ range 5− 60, whih favours hu + hd = 0.
4
masses omes from the anomalous D-term. Suh a Fayet-Iliopoulos term ould have indued
harge and olour breaking minima. We look for models with the X-harges of all quark, lepton
and Higgs superelds positive or zero, whih is suient to ensure the uniqueness of the vauum
that breaks the anomalous U(1)X (see Ref. [22℄ for a detailed disussion of at diretions).
The relevant anomaly oeients read:
C1 =
1
3
∑
A
(qA + 8u¯A + 2d¯A + 3lA + 6e¯A) + hu + hd , (9)
C2 =
∑
A
(3qA + lA) + hu + hd , (10)
C3 =
∑
A
(2qA + u¯A + d¯A) , (11)
CXXY =
∑
A
(q2A − 2u¯2A + d¯2A − l2A + e¯2A) + h2u − h2d , (12)
CX =
2
3
∑
A
(6q3A + 3u¯
3
A + 3d¯
3
A + 2l
3
A + e¯
3
A + n
3
A) + h
3
u + h
3
d − 1 + C ′X , (13)
TrX =
∑
A
(6qA + 3u¯A + 3d¯A + 2lA + e¯A + n¯A) + 2(hu + hd)− 1 + C ′g , (14)
where C ′X and C
′
g stand for the ontributions of additional SM singlets or vetor-like represen-
tations harged under U(1)X (whih may be harged under some hidden gauge group) to the
ubi U(1)X anomaly and to the mixed gravitational anomaly, respetively. Finally, Tr(XY )
reads:
Tr(XY ) = 2
∑
A
(qA − 2u¯A + d¯A − lA + e¯A) + 2(hu − hd) . (15)
The onstraints
5
:
C2 = C3 , C2 =
3
5
C1 , CXXY = 0 and Tr(XY ) = 0 , (16)
an be rewritten as: ∑
A
(u¯A − qA)− 1
2
hu = 0 , (17)
∑
A
(d¯A − lA)− 1
2
hu − hd = 0 , (18)
∑
A
(u¯A − e¯A)− hu = 0 , (19)
∑
A
(q2A − 2u¯2A + d¯2A − l2A + e¯2A) + h2u − h2d = 0 . (20)
5
We assume that C′X , C
′
g and the Ka-Moody level kX are suh that the Green-Shwarz onditions are
satised for the ubi U(1)X anomaly and for the mixed gravitational anomaly.
5
We look for solutions to Eqs. (17)-(20) whih suessfully reprodue the observed quark and
lepton mass and mixing hierarhies with all matter harges non-negative. Sine the Yukawa
ouplings are generated at the sale of breaking of the anomalous U(1)X (whih for deniteness
we identify with the sale at whih gauge ouplings unify in the MSSM, MGUT ≃ 2 × 1016
GeV), we must onsider the masses and mixings renormalized also at this sale. In the quark
setor, the renormalization of the CKM matrix aets, to a very good approximation, only the
parameter A of the Wolfenstein parametrization, while λ, ρ and η almost do not evolve with
energy [23, 24, 25, 26℄. The sale dependene of the quark mass ratios md/ms and mu/mc is
also very weak. Numerially for tanβ values in the range 3.5− 50 we nd:
ms(µ)
mb(µ)
= χ(µ)
ms(MZ)
mb(MZ)
,
mc(µ)
mt(µ)
= χ3(µ)
mc(MZ)
mt(MZ)
, (21)
with χ(MGUT ) ≃ (0.75 − 0.9). This leads to the following approximate hierarhies of quark
mixing angles and mass ratios lose to the GUT sale, expressed in powers of the Cabibbo angle
λ ≃ 0.22:
|Vus| ≃ |Vcd| ≃ λ , |Vub| ∼ λ4 , |Vcb| ∼ λ2 , |Vtd| ∼ λ4 − λ3 , |Vts| ∼ λ2 , (22)
md
ms
∼ λ2 , ms
mb
∼ 1
2
λ2 ,
mu
mc
∼ λ4 , mc
mt
∼ λ4 . (23)
For light quarks we have used here the entral values of the PDG estimates [27℄. The dependene
on tanβ of the GUT sale values of these mass ratios and CKM elements is weak in the
onsidered range of tan β values.
In the lepton setor, the harged lepton mass hierarhy is:
me
mµ
∼ 1
2
λ3 ,
mµ
mτ
∼ λ2 . (24)
If one assumes a hierarhial neutrino mass spetrum, i.e. mν3 ≈
√
∆m2atm and mν2 ≈
√
∆m2sol,
the sale dependene of lepton mixing angles and neutrino masses is very weak [28, 26℄, and
one an take, at the sale where right-handed neutrinos deouple:
|UαA| ∼ 1 , (α,A) 6= (e, 3) , |Ue3| < λ , mν2
mν3
∼ λ , mν1
mν2
< 1 . (25)
Eqs. (17) to (20), together with the assumption of positive X-harges for the MSSM su-
perelds, are very restritive and only a limited number of harge assignments ompatible with
these onstraints give a satisfatory aount of the observed mass and mixing hierarhies. Let
us rst onsider the quark setor. The large top quark Yukawa oupling is aounted for by
hoosing q3 = u¯3 = hu = 0. Furthermore, the quark mass ratios and mixing angles are given
by the simple expressions:
muA
muB
∼ ǫ(qA−qB)+(u¯A−u¯B) , mdA
mdB
∼ ǫ(qA−qB)+(d¯A−d¯B) , mt
mb
∼ tan β ǫ−(d¯3+hd) ,
VAB ∼ ǫ|qA−qB| . (26)
6
The symbol ∼ reminds us that the above relations ontain unknown fators of order one, so
that the atual values of the mass ratios and mixing angles may slightly depart from the naive
power ounting. With this remark in mind, and assuming ǫ ≃ λ, we nd that the CKM
matrix is orretly reprodued by qA = (3, 2, 0), qA = (4, 3, 0) or by qA = (4, 2, 0). In eah ase,
the naive power ounting disagrees by at most one power of λ with the measured value of
one or two CKM angles: |Vub| for qA = (3, 2, 0), |Vcb| and |Vts| for qA = (4, 3, 0), |Vus| and |Vcd|
for qA = (4, 2, 0). In the lepton setor, the experimental data on neutrino osillations strongly
onstrain the lA (for a reent review, see e.g. Ref. [29℄). In the absene of holomorphi zeroes in
the Dira and Majorana mass matries, the seesaw mehanism yields an eetive light neutrino
mass matrix of the form:
Mν ∼ v
2
uǫ
2(l3+hu)
MR

 ǫ2(l1−l3) ǫ(l1−l3)+(l2−l3) ǫ(l1−l3)ǫ(l1−l3)+(l2−l3) ǫ2(l2−l3) ǫ(l2−l3)
ǫ(l1−l3) ǫ(l2−l3) 1

 , (27)
whereMR is the sale of right-handed neutrino masses. Suh a mass matrix an easily reprodue
the hierarhial neutrino mass spetrum. In order to reprodue both the large atmospheri
mixing angle and the hierarhy between the atmospheri and solar mass sales, one must
hoose l2 = l3 and allow for a mild tuning between the order one entries in the lower right 2×2
submatrix of Mν , of order
√
∆m2sol/∆m
2
atm ≈ 0.2. Due to this tuning, the solar mixing angle
θ12 omes out large provided that l1 − l3 = 1 or 2 (see Appendix B for details). This in turn
implies that |Ue3| ∼ ǫl1−l3 should be rather large, and even lose to its present experimental
limit in the ase l1 − l3 = 1.
For a given hoie of the qA and the lA ditated by the CKM and PMNS mixing matries, the
remainingX-harges of the model are onstrained both by the quark and harged lepton masses
and by Eqs. (17) to (20). We list below the solutions for the X-harge assignments satisfying
the onstraints (17) to (20) for whih the preditions obtained from naive power ounting are
in reasonably good agreement with experimental data on fermion masses and mixings, when
extrapolated to the GUT sale:
1: qA = u¯A = e¯A = (3, 2, 0), d¯A = lA = (l1, l3, l3), hu = hd = 0,
[l1 − l3 = 1 or 2; l3 = 0, 1, 2 or 3] (28)
2: qA = u¯A = e¯A = (3, 2, 0), d¯A = (2, 1, 0), lA = (1, 0, 0), hu = 0, hd = 2, (29)
3: qA = u¯A = e¯A = (3, 2, 0), d¯A = (1, 1, 0), lA = (1, 0, 0), hu = 0, hd = 1, (30)
4: qA = u¯A = e¯A = (3, 2, 0), d¯A = (2, 1, 0), lA = (2, 0, 0), hu = 0, hd = 1, (31)
5: qA = u¯A = eA = (4, 2, 0), d¯A = lA = (l3 + 1, l3, l3), hu = hd = 0,
[l3 = 0, 1, 2 or 3] (32)
6: qA = u¯A = e¯A = (4, 2, 0), d¯A = (1, 1, 0), lA = (1, 0, 0), hu = 0, hd = 1. (33)
Several of these solutions an be found in the literature. The onstraints (17) to (20) are
automatially satised if hu = hd = 0 and the horizontal symmetry ommutes with SU(5), as
already notied in Ref. [20℄. This is the ase for solutions 1 and 5. We were not able to nd
solutions with hu = hd = 0 that are not ompatible with the SU(5) symmetry. In all solutions,
7
the naive preditions slightly depart from the observed values for some quantities, and one has
to rely on the eet of the unonstrained order one parameters to orret them. In partiular,
solutions 1 to 4 naively predit mu/mc ∼ λ2 and |Vub| ∼ λ3, while solutions 5 and 6 predit
|Vus| ∼ |Vcd| ∼ λ2, but give the orret mu/mc ratio. In addition, solution 1 with l1− l3 = 1 and
solutions 2, 3 yield me/mµ ∼ λ2; solution 1 with l1 − l3 = 2 and solution 5 yield md/ms ∼ λ3,
and solution 3 yields md/ms ∼ λ. Finally, l1 − l3 = 1 is preferred over l1 − l3 = 2 by the solar
mixing angle [30℄.
Solutions 1 and 5 with l3 = 2 and solution 2 predit a low value of tanβ, tan β . 15;
solutions 1 and 5 with l3 = 1 and solutions 3, 4 and 6 require tan β ∼ (15− 50); and solutions
1 and 5 with l3 = 0 require tanβ & 50. The range of tanβ values ompatible with a given
solution is rather broad due to the eet of the order one oeients.
Using Eq. (8), one an ompute the predited value of the expansion parameter ǫ. Assuming
α2(Mstring) = αU =
1
24
, one obtains (the quoted values sale as ( αU
1/24
)1/2):
ǫ = 0.23, 0.25, 0.27 for solution 1 with l1 − l3 = 1 and l3 = 0, 1, 2, (34)
ǫ = 0.24, 0.26, 0.28 for solution 1 with l1 − l3 = 2 and l3 = 0, 1, 2, (35)
ǫ = 0.24 for solution 2, 3 and 4, (36)
ǫ = 0.25, 0.27, 0.29 for solution 5 with l3 = 0, 1, 2, (37)
ǫ = 0.26 for solution 6. (38)
As already stressed in Ref. [14℄, it is a remarkable suess of avour models based on an
anomalous U(1) that the predited value of ǫ omes out so lose to the Cabibbo angle. Note
that the harge assignment qA = u¯A = e¯A = (2, 1, 0), lA = d¯A = (1, 0, 0) + l3, sometimes
onsidered in the literature, predits ǫ = (0.18 − 0.23), whih is too large for this harge
assignment to be ompatible with the observed fermion masses and mixings.
3 Preision desription of fermion masses and mixings
The fat that only a small number of horizontal harge assignments are phenomenologially
aeptable, together with the interesting theoretial aspets disussed in the previous setion,
makes the simplest anomalous U(1) models for fermion masses worth further, more quantitative
study. Suh a study may also be useful for studying various aspets of the supersymmetri
avour problem and CP violation with hierarhial fermion mass matries.
The harge assignments 1-6 in Eqs. (28)-(33) predit the hierarhial struture of the quark
and harged lepton Yukawa ouplings up to order one fators CABu,d,e, whih should be viewed as
xed by some unknown physis whih has been integrated out. The freedom in these fators
an be used to obtain a preise desription of the fermion masses and mixings
6
; it is the purpose
of this setion to nd suh sets of oeients CABu,d,e and to disuss their properties.
6
For a quantitative study of the preditions in the neutrino setor, we refer to Ref. [30℄, whih however only
onsidered the hoie l1 − l3 = 1 (semi-anarhial ase). We argued, on the basis of the analytial formulae
given in appendix B, that the hoie l1 − l3 = 2 also leads to a satisfatory desription of neutrino masses and
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Before doing so, let us notie that, among the aeptable U(1)X harge assignments, two
(namely harge assignments 1 and 5) are onsistent with SU(5) × U(1)X symmetry, and an
therefore be reoniled with Grand Uniation of elementary fores. Moreover, those are the
only aeptable harge assignments for hu = hd = 0, for whih, as mentioned earlier, there
is some (although not strong) phenomenologial preferene. Charge assignments 3 and 6,
although not ompatible with SU(5) symmetry, are interesting in the ontext of the supersym-
metri avour problem beause the right-handed down and strange quark superelds have the
same horizontal harge, whih in some supersymmetry breaking senarios may suppress the
squark ontribution to kaon mixing.
If one interprets the fat that the harge assignments 1 and 5 are ompatible with SU(5)×
U(1)X symmetry as the manifestation of an underlying Grand Unied Theory, one should
impose the following (GUT-sale) onstraints on the order one oeients: CABu = C
BA
u and
CABd = C
BA
e . The seond onstraint leads to the well-known SU(5) relations me/mµ = md/ms
and mµ/mτ = ms/mb, whih are in gross disagreement with the measured fermion masses
and must be orreted [31℄. This an be done through the ontribution of renormalizable [31℄
or non-renormalizable [32℄ operators to the Yukawa matries. Following Ref. [33℄, we shall
introdue an additional U(1)X singlet supereld Σˆ transforming as a 75 of SU(5), whih has
non-renormalizable ouplings to fermions of the form 5¯ 10 H¯ Σˆ/M . The Yukawa ouplings of
the down-type quarks and harged leptons then arise from the two SU(5) × U(1)X invariant
superpotential terms:
W =
(
5¯
ACAB1 10
BH¯ +
Σˆ
M
5¯
ACAB2 10
BH¯
)(
Φˆ
M
)d¯A+qB+hd
, (39)
whih, after the salar omponents of Φˆ and Σˆ aquire VEVs, lead to:
Y
AB
d =
(
CAB1 + κC
AB
2
)
ǫd¯A+qB+hd,
Y
AB
e =
(
CBA1 − 3κCBA2
)
ǫd¯B+qA+hd, (40)
where κ ≡ 〈Σ〉/M . In our numerial ts, we take κ = 0.3, whih makes it easy to aount for
the dierene between down-type quark and harged letpon masses.
In order to test in a quantitative way the ability of the U(1)X symmetry to desribe the
fermion masses and mixings, we look for sets of 24 omplex oeients CABu = C
BA
u , C
AB
1 and
CAB2 that reprodue the 9 quark and harged lepton masses and the 4 parameters of the CKM
matrix. It is also interesting to hek how well the various harge assignments reprodue the
observed values of the fermion masses and mixings for randomly generated oeients. This is
illustrated in Figs. 1 and 2 for harge assignments 1 (with two dierent hoies for lA = d¯A),
5 and 6. For randomly generated sets of oeients {CABu,1,2} with arbitrary phases and moduli
in the range 0.3 − 3, eah histogram shows the relative number of sets of oeients leading
to a given value of the ratio R(Q) ≡ Q(MGUT )predicted/Q(MGUT )evolved for some partiular
mixings. In the following, we shall not disuss the neutrino setor again and shall fous on the harged fermion
setor.
9
Figure 1: Histograms of R(ms/mb), R(md/mb), R(mc/mt), R(mu/mt), R(Vus) and R(Vub),
where R(Q) ≡ Q(MGUT )predicted/Q(MGUT )evolved, for harge assignment 1 with lA = d¯A =
(4, 2, 2) and tan β = 15 (left set of panels) and for harge assignment 6 with tan β = 45 (right
set of panels).
mass ratio or mixing angle Q. The positions of the peaks are niely onsistent with the naive
power ounting of Eq. (26) and with the qualitative disussion of the previous setion. Sine
all harge assignments 1−6 share similar qualitative features, we hoose model 1 for a more
detailed analysis.
These histograms also show that, as expeted on the basis of the qualitative arguments of
the previous setion, it is easy to nd sets of order one oeients {CABu,1,2} giving a preision
desription of fermion masses and mixings. In fat, sine the number of real parameters by far
exeeds the number of observables, there are innitely many dierent sets of the oeients
CABu,1,2 that satisfy the physial requirements. Instead of searhing for them by random gener-
ation, it is muh more eient to use the equations from Appendix A as onstraints on the
generation proedure.
In the qualitative disussion of the previous setion, we have used the values of the ob-
servables at MGUT , after evolving them with the RGE from their measured low-energy values.
For preision ts, this proedure is inonvenient beause the proper inlusion of experimental
errors in the renormalization group running is somewhat troublesome. Therefore, we proeed
top-down. For a given set of omplex oeients hosen with arbitrary phases and with their
moduli in the range 0.3 − 3, we alulate the CKM matrix entries and the eigenvalues of the
Yukawa matries at the GUT sale and evolve them with the renormalization group equations
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Figure 2: Histograms of R(ms/mb), R(md/mb) and R(Vub) for harge assignment 1 with lA =
d¯A = (3, 2, 2) and tan β = 15 (upper set of panels), and histograms of R(mu/mt), R(Vus) and
R(Vub) for harge assignment 5 with tanβ = 15 (lower set of panels).
down to the saleMZ [24, 25, 26℄. The omparison with experimental data is then done atMZ ,
and for a set of oeients to be aeptable, we require that the predited values of the CKM
elements fall in the following ranges:
0.217 < |Vus| < 0.231 ,
0.035 < |Vcb| < 0.048 ,
0.065 <
∣∣∣∣VubVcb
∣∣∣∣ < 0.105 ,
−730 < arg(Vub) < −53o . (41)
The range of experimental values of the eigenvalues of the Yukawa matries atMZ is obtained
by starting with the following set of mass values:
mu(2 GeV) = (2.75± 2.50) MeV , md(2 GeV) = (6± 4) MeV,
mc(2 GeV) = (1.25± 0.20) GeV , ms(2 GeV) = (105± 50) MeV ,
mb(mb) = (4.25± 0.30) GeV , mt = (178± 10) GeV , (42)
me = (0.511± 0.025) MeV, mµ = (105.6± 0.5) MeV, mτ = (1.778± 0.1) GeV .
For quark masses, these ranges are twie as broad as the PDG estimates. For lepton masses we
assigned arbitrary unertainties, sine the atual experimental errors are muh smaller than the
unertainty in the RG evolution due to e.g. the errors on the gauge ouplings or quark Yukawa
ouplings, or to the fat that we are only using two-loop RG equations. The Yukawa ouplings
at the MZ sale are obtained by evolving these masses up using the 2-loop QCD RG equations
(and taking into aount the unertainty in the strong oupling: αs(MZ) = 0.1185 ± 0.005).
The top quark Yukawa at the MZ sale is adjusted iteratively so that its RG trajetory passes
through the right value at the mt sale. In this way we establish the allowed ranges of the
Yukawa ouplings at the MZ sale.
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Figure 3: Satter plots of |C121 | versus |C331 | (left panel) and |C122 | versus |C332 | (right panel)
taken from 100 sets of oeients {CABu,1,2} reproduing the observed masses of quarks and
harged leptons as well as the CKM matrix, for harge assignment 1 with lA = d¯A = (4, 2, 2)
and tanβ = 15.
One the proedure is speied, one an generate sets of oeients {CABu,1,2} satisfying the
above physial requirement. For illustration, we show in Fig. 3 satter plots of the moduli of
some oeients for harge assignment 1. One does not observe any partiular orrelations; of
ourse, orrelations may (and presumably do) exist in more dimensional oeient spae.
The important physial features of the model are shown in Figs. 4, 5 and 6, again for harge
assignment 1 with lA = d¯A = (4, 2, 2) and tanβ = 15 taken as an example. In Fig. 4 we plot
the moduli of seleted elements of the rotation matries UL,R and DL,R dened by
U †RYuUL = Diag (yu, yc, yt) , D
†
RYdDL = Diag (yd, ys, yb) . (43)
The phases of these matries are hosen in suh a way that the Yukawa matrix eigenvalues are
real and that the CKM matrix V = U †LDL is ompatible with the standard PDG parametriza-
tion. We observe that |U12L | and |D12L | are generially both large, i.e. both the up and the down
quark setors ontribute signiantly to the Cabibbo angle. Similarly, for right-handed quarks,
|U12R | and |D12R | are generially both large. Finally, the phases of the rotation matries UL,R
and DL,R (not shown in the plot) are random and often large.
These features are important for the disussion of FCNC proesses and CP violating eets
in supersymmetri models. Indeed, as mentioned in the introdution, the squark mass matries
depend on the rotations to the super-CKM basis, whih are determined by the fermion mass
models. In order to estimate the eets of these rotations on avour and CP violating proesses,
we assume that, in the avour basis in whih the quark superelds have well-dened horizontal
harges, the squark mass matries are diagonal with non-vanishing entries, e.g.
M˜d2LL =

 m˜21 0 00 m˜22 0
0 0 m˜23

 . (44)
Then, in the super-CKM basis, the o-diagonal entries of the squark mass matrix M˜d2LL
∣∣∣
SCKM
=
12
Figure 4: Satter plots of moduli of seleted entries of the rotation matries UL, DL, UR and
DR for harge assignment 1 with lA = d¯A = (4, 2, 2) and tan β = 15.
D†LM˜
d2
LLDL are given by:
(M˜d2LL)
12 = D11⋆L D
12
L (m˜
2
1 − m˜23) +D21⋆L D22L (m˜22 − m˜23) (45)
≃ D11⋆L D12L (m˜21 − m˜22) , (46)
(M˜d2LL)
23 = D12⋆L D
13
L (m˜
2
1 − m˜23) +D22⋆L D23L (m˜22 − m˜23) (47)
≃ D22⋆L D23L (m˜22 − m˜23) , (48)
(M˜d2LL)
13 = D11⋆L D
13
L (m˜
2
1 − m˜23) +D21⋆L D23L (m˜22 − m˜23) , (49)
where we have used the fat that DABL ∼ ǫ|qA−qB| to identify the dominant ontribution to
(M˜d2LL)
12
and (M˜d2LL)
23
. Similar formulae hold for the o-diagonal entries of M˜u2LL and M˜
u2
RR, with
DL replaed by UL and UR, respetively. For M˜
d2
RR one has, for harge assignments 1 and 5:
(M˜d2RR)
12 = D11⋆R D
12
R (m˜
2
1 − m˜23) +D21⋆R D22R (m˜22 − m˜23) , (50)
(M˜d2RR)
23 = D12⋆R D
13
R (m˜
2
1 − m˜23) +D22⋆R D23(m˜22 − m˜23) (51)
≃ D22⋆R D23R (m˜22 − m˜23) , (52)
(M˜d2RR)
13 = D11⋆R D
13
R (m˜
2
1 − m˜23) +D21⋆R D23R (m˜22 − m˜23) . (53)
Figs. 5 and 6 show the moduli and phases of the ombinations of the rotation matries UL,R
and DL,R relevant for D
0
-D¯0, K0-K¯0, B0d-B¯
0
d and B
0
s -B¯
0
s mixing. We see that the onsidered
hierarhial models of fermion masses may lead to large mixings in the (1, 2) up squark setor
(the linear orrelation seen in the two lower left panels of Fig. 5 is due to the symmetri form
of the matrix Yu, whih implies that UR = U
⋆
LP , where P is a diagonal matrix of phases) and
to a large mixing in the b˜R-s˜R setor. The order of magnitude of these mixings is onsistent
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Figure 5: Satter plots of the moduli and phases of the ombinations of the rotation matries
UL,R and DL,R relevant for D
0
-D¯0 mixing (left set of panels) and for K0-K¯0 mixing (right set
of panels) for harge assignment 1 with lA = d¯A = (4, 2, 2) and tan β = 15.
Figure 6: Satter plots of the moduli and phases of the ombinations of the rotation matries
UL,R and DL,R relevant for B
0
d-B¯
0
d mixing (left set of panels) and for B
0
s -B¯
0
s mixing and b→ s
transitions (right set of panels) for harge assignment 1 with lA = d¯A = (4, 2, 2) and tanβ = 15.
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with the naive power ounting: UABR ∼ UABL ∼ DABL ∼ ǫ|qA−qB| (UABR ∼ UABL is due to the fat
that qA = uA in all phenomenologially aeptable harge assignments) and D
AB
R ∼ ǫ|dA−dB |.
As for the phases in the o-diagonal entries of the squark mass matries, one an hardly see
any spei pattern in the plots of Figs. 5 and 6. As one ould have antiipated, these phases
are essentially random.
This may lead to signiant  or even exessive  ontributions to avour hanging neu-
tral urrents and CP violating proesses, espeially in the kaon setor [34, 35℄. Signiant
supersymmetri ontributions may also be expeted in D0-D¯0 mixing (with a potentially large
CP-violating phase, see also Ref. [36℄), as well as in B0s -B¯
0
s mixing and in b → s transitions
[37℄. In partiular, large supersymmetri ontributions to CP asymmetries in e.g. B0d → ΦKS
or B0s → J/ΨΦ are possible.
4 Conlusions
We have updated and put at the quantitative preision level the preditions for fermion masses
and mixings in the simple Froggatt-Nielsen model based on a string-inspired gauge anomalous
U(1) symmetry spontaneously broken by a single avon eld, with all matter harges of the
same sign. The inlusion of the neutrino osillation data adds phenomenologial onstraints
on the harge assignment, in addition to the Green-Shwarz anomaly anellation onditions.
Only very few harge assignments are aeptable. A preise desription of fermion masses and
mixings is easily obtained by adjusting order one parameters. The sets of parameters that
give a good quantitative desription of fermion data an be used to estimate the eets of
the fermion rotations on FCNC and CP violating proesses in supersymmetri models, with
interesting prospets for D0-D¯0 mixing, B0s -B¯
0
s mixing and b→ s transitions.
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A Quark masses and CKM mixing angles
In this appendix, we provide useful analytial expressions for quark mass ratios and CKM angles
in models with a spontaneously broken horizontal abelian symmetry U(1)X , at leading order
in the small parameter ǫ ≡< φ > /M . We adopt the onventional normalization Xφ = −1,
and assume that the X-harges of all quark Yukawa ouplings are positive, with q1 ≥ q2 ≥ q3,
u¯1 ≥ u¯2 ≥ u¯3 and d¯1 ≥ d¯2 ≥ d¯3. The Yukawa ouplings of the up and down quarks then read:
Y ABu = C
AB
u ǫ
u¯A+qB+hu , Y ABd = C
AB
d ǫ
d¯A+qB+hd , (54)
where CABu and C
AB
d are arbitrary parameters of order one.
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We list below the expressions for the quark mass ratios
mu
mt
,
mc
mt
,
md
mb
and
ms
mb
, and for the
CKM entries Vus, Vcb and Vub at leading order in the small parameter ǫ. We onsider the three
phenomenologially relevant ases (see Setion 2): (i) d¯1 > d¯2 > d¯3, (ii) d¯1 > d¯2 = d¯3 and (iii)
d¯1 = d¯2 > d¯3, all with q1 > q2 > q3 and u¯1 > u¯2 > u¯3. In order to display ompat formulae, it
is onvenient to dene the following ombinations of the oeients CABu :
∆11u ≡ C22u C33u − C23u C32u , ∆12u ≡ C21u C33u − C23u C31u , ∆13u ≡ C21u C32u − C22u C31u , (55)
∆21u ≡ C12u C33u − C13u C32u , ∆22u ≡ C11u C33u − C13u C31u , ∆31u ≡ C12u C23u − C13u C22u , (56)
and analogous ombinations ∆ABd of the oeients C
AB
d . Note that det(C
AB
u ) = C
11
u ∆
11
u −
C12u ∆
12
u + C
13
u ∆
13
u , and similarly det(C
AB
d ) = C
11
d ∆
11
d − C12d ∆12d + C13d ∆13d .
Case (i): q1 > q2 > q3, u¯1 > u¯2 > u¯3 and d¯1 > d¯2 > d¯3
In this ase, it is onvenient to dene:
C¯ABu ≡
CABu
C33u
, C¯ABd ≡
CABd
C33d
. (57)
The quark mass ratios are given by:
mu
mt
=
∣∣∣∣C¯11u − C¯12u ∆12u∆11u + C¯13u
∆13u
∆11u
∣∣∣∣ ǫ(q1−q3)+(u¯1−u¯3) , mcmt =
|∆11u |
|C33u |2
ǫ(q2−q3)+(u¯2−u¯3) , (58)
md
mb
=
∣∣∣∣C¯11d − C¯12d ∆12d∆11d + C¯13d
∆13d
∆11d
∣∣∣∣ ǫ(q1−q3)+(d¯1−d¯3) , msmb =
|∆11d |
|C33d |2
ǫ(q2−q3)+(d¯2−d¯3) , (59)
and the top and bottom Yukawa ouplings are yt = |C33u |ǫq3+u¯3 and yb = |C33d |ǫq3+d¯3 .
The CKM matrix entries are given by, in the standard phase onvention [27℄:
Vus =
∣∣∣∣∆12d∆11d −
∆12u
∆11u
∣∣∣∣ ǫq1−q2 , (60)
Vcb = |C¯32d − C¯32u | ǫq2−q3 , (61)
Vub =
∣∣∣∣C¯31d − C¯32d ∆12u∆11u +
∆13u
∆11u
∣∣∣∣ e−iδǫq1−q3 , (62)
δ = arg

 C¯31d − C¯32d ∆12u∆11u + ∆13u∆11u(
∆12
d
∆11
d
− ∆12u
∆11u
)
(C¯32d − C¯32u )

 . (63)
Case (ii): q1 > q2 > q3, u¯1 > u¯2 > u¯3 and d¯1 > d¯2 = d¯3
In this ase, it is onvenient to dene:
C¯ABu ≡
CABu
C33u
, C¯ABd ≡
CABd√|C23d |2 + |C33d |2 . (64)
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The quark mass ratios are given by:
mu
mt
=
∣∣∣∣C¯11u − C¯12u ∆12u∆11u + C¯13u
∆13u
∆11u
∣∣∣∣ ǫ(q1−q3)+(u¯1−u¯3) , mcmt =
|∆11u |
|C33u |2
ǫ(q2−q3)+(u¯2−u¯3) , (65)
md
mb
=
∣∣∣∣C¯11d − C¯12d ∆12d∆11d + C¯13d
∆13d
∆11d
∣∣∣∣ ǫ(q1−q3)+(d¯1−d¯3), msmb =
|∆11d |
|C23d |2 + |C33d |2
ǫ(q2−q3)+(d¯2−d¯3), (66)
and the top and bottom Yukawa ouplings are yt = |C33u |ǫq3+u¯3 and yb =
√|C23d |2 + |C33d |2ǫq3+d¯3 .
The CKM matrix entries are given by, in the standard phase onvention:
Vus =
∣∣∣∣∆12d∆11d −
∆12u
∆11u
∣∣∣∣ ǫq1−q2 , (67)
Vcb = |C¯22d C¯23⋆d + C¯32d C¯33⋆d − C¯32u | ǫq2−q3 , (68)
Vub =
∣∣∣∣(C¯21d C¯23⋆d + C¯31d C¯33⋆d )− (C¯22d C¯23⋆d + C¯32d C¯33⋆d )∆12u∆11u +
∆13u
∆11u
∣∣∣∣ e−iδǫq1−q3 , (69)
δ = arg

(C¯21d C¯23⋆d + C¯31d C¯33⋆d )− (C¯22d C¯23⋆d + C¯32d C¯33⋆d )∆12u∆11u + ∆13u∆11u(
∆12d
∆11
d
− ∆12u
∆11u
)
(C¯22d C¯
23⋆
d + C¯
32
d C¯
33⋆
d − C¯32u )

 . (70)
Case (iii): q1 > q2 > q3, u¯1 > u¯2 > u¯3 and d¯1 = d¯2 > d¯3
In this ase, it is onvenient to dene:
C¯ABu ≡
CABu
C33u
, C¯ABd ≡
CABd
C33d
. (71)
The quark mass ratios are given by:
mu
mt
=
∣∣∣∣C¯11u − C¯12u ∆12u∆11u + C¯13u
∆13u
∆11u
∣∣∣∣ ǫ(q1−q3)+(u¯1−u¯3) , mcmt =
|∆11u |
|C33u |2
ǫ(q2−q3)+(u¯2−u¯3) , (72)
md
mb
=
∣∣∣∣C¯11d ∆11d√|∆11
d
|2+|∆21
d
|2
− C¯21d ∆
21
d√
|∆11
d
|2+|∆21
d
|2
+ C¯31d
∆31d√
|∆11
d
|2+|∆21
d
|2
∣∣∣∣ ǫ(q1−q3)+(d¯1−d¯3) , (73)
ms
mb
=
√|∆11d |2 + |∆21d |2
|C33d |2
ǫ(q2−q3)+(d¯2−d¯3) , (74)
and the top and bottom Yukawa ouplings are yt = |C33u |ǫq3+u¯3 and yb = |C33d |ǫq3+d¯3 .
The CKM matrix entries are given by, in the standard phase onvention:
Vus =
∣∣∣∣∆12d ∆11⋆d +∆22d ∆21⋆d|∆11d |2 + |∆21d |2 −
∆12u
∆11u
∣∣∣∣ ǫq1−q2 , (75)
Vcb = |C¯32d − C¯32u | ǫq2−q3 , (76)
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Vub =
∣∣∣∣C¯31d − C¯32d ∆12u∆11u +
∆13u
∆11u
∣∣∣∣ e−iδǫq1−q3 , (77)
δ = arg

 C¯31d − C¯32d ∆12u∆11u + ∆13u∆11u(
∆12
d
∆11⋆
d
+∆22
d
∆21⋆
d
|∆11
d
|2+|∆21
d
|2
− ∆12u
∆11u
)
(C¯32d − C¯32u )

 . (78)
B Lepton masses and PMNS mixing angles
In this appendix, we provide analytial expressions for lepton masses and PMNS angles in
models with a spontaneously broken horizontal abelian symmetry U(1)X , at leading order in
the small parameter ǫ ≡ 〈φ〉/M . We adopt the onventional normalization Xθ = −1, and
assume that the X-harges of all lepton Yukawa ouplings and right-handed neutrino mass
terms are positive, with l1 ≥ l2 ≥ l3, n¯1 ≥ n¯2 ≥ n¯3 and e¯1 ≥ e¯2 ≥ e¯3. The Yukawa ouplings of
the harged leptons and the Dira and Majorana matries of the neutrinos then read:
Y ABe = C
AB
e ǫ
e¯A+lB+hd , Y ABD = C
AB
D ǫ
n¯A+lB+hu , MABM = MRC
AB
M ǫ
n¯A+n¯B , (79)
where MR is the sale of right-handed neutrino masses, and C
AB
D , C
AB
e and C
AB
M = C
BA
M are
arbitrary parameters of order one. The seesaw mehism leads to the eetive light neutrino
mass matrix:
MABν = C
AB
ν
v2u
MR
ǫlA+lB+2hu , CABν = C
BA
ν = −
∑
C,D
CCAD C
DB
D (C
−1
M )
CD , (80)
where we have used the fat that (M−1M )
CD = M−1R (C
−1
M )
CDǫ−n¯C−n¯D . It is a well-known fat
that Mν does not depend on the hierarhy of right-handed neutrinos (i.e. on the n¯A) when
n¯A + lB + hu ≥ 0 and n¯A + n¯B ≥ 0, but only on the order one oeients CABM . It is then
legitimate, from the low-energy point of view, to onsider the CABν as arbitrary order one
oeients. As in the quark setor, we dene ombinations ∆ABe and ∆
AB
ν of the order one
oeients CABe and C
AB
ν in order to display ompat formulae for the lepton masses and
mixings. For simpliity and given the fat that CP violation has not been observed in the
lepton setor yet, we shall assume that the oeients CABe and C
AB
ν are real.
Given the struture (80), neutrino data are best aommodated by l2 = l3 and l1 > l3, with
the additional requirement that x ≡ |∆11ν |
(C22ν +C
33
ν )
2 ≪ 1, to be explained by a (mild) anellation
among order one oeients in ∆11ν , in order to aount for the hierarhy between the solar
and the atmospheri neutrino mass sales. In pratie, only the ases ǫn ≪ x≪ 1 and ǫn ∼ x,
where n ≡ l1 − l3 = 1 or 2, an aommodate the LMA solution, and we shall disuss eah
of them in turn. Sine the neutrino mass spetrum is hierarhial, the right-handed neutrino
mass sale has to be adjusted to MR ∼ v2uǫ2(l3+hu)/
√
∆m2atm ≃ (6 × 1014GeV) ǫ2(l3+hu). The
mass hierarhy in the harged lepton setor requires e¯1 > e¯2 > e¯3 for ǫ ∼ λ, given that the
aeptable values for n are 1 and 2, as we shall see below.
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The harged lepton mass ratios are given by:
me
mτ
=
∣∣∣∣C¯11e − C¯12e ∆12e∆11e + C¯13e
∆13e
∆11e
∣∣∣∣ ǫ(l1−l3)+(e¯1−e¯3) , mµmτ =
|∆11e |
(C32e )
2 + (C33e )
2
ǫ(e¯2−e¯3) , (81)
where C¯ABe ≡ CABe /
√
(C32e )
2 + (C33e )
2
, and the tau Yukawa oupling is
yτ =
√
(C32e )
2 + (C33e )
2 ǫl3+e¯3+hd. The atmospheri and CHOOZ mixing angles θ23 and θ13 are
given by:
tan θ23 =
∣∣∣∣C33e C22ν + C32e C23νC32e C22ν − C33e C23ν
∣∣∣∣ , (82)
sin θ13 =
∣∣∣∣∣(∆
12
e C
22
ν +∆
13
e C
23
ν )(C
22
ν + C
33
ν ) + ∆
11
e (C
12
ν C
22
ν + C
13
ν C
23
ν )
∆11e (C
22
ν + C
33
ν )
√
(C23ν )
2 + (C33ν )
2
∣∣∣∣∣ ǫn . (83)
One naturally ends up with a large atmospheri mixing angle (tan θ23 ∼ 1), as a result of the
hoie l2 = l3, and with sin θ13 ∼ ǫn, whih an be very lose to the present experimental upper
limit for n = 1.
As for the neutrino masses and the solar mixing angle θ12, their formulae depend on whether
ǫn ≪ x or ǫn ∼ x.
Case 1: ǫn ≪ x≪ 1. The neutrino masses are given by, in units of v2u
MR
and at leading order
in x and ǫn:
mν1 =
|C11ν ∆11ν − C12ν ∆12ν + C13ν ∆13ν |
(C22ν + C
33
ν )
2
ǫ2n
x
, (84)
mν2 = |C22ν + C33ν | x , (85)
mν3 = |C22ν + C33ν | (1− x) , (86)
The ratio of solar to atmospheri neutrino osillation frequenies is then approximately given
by:
∆m221
∆m232
≃ x2 , (87)
and the solar mixing angle reads:
tan θ12 =
∣∣∣∣∣ ∆
12
ν
(C22ν + C
33
ν )
√
(C23ν )
2 + (C33ν )
2
∣∣∣∣∣ ǫ
n
x
. (88)
Neutrino osillation data tell us that
∆m221
∆m232
≈ 0.2, hene x ≈ 0.2. For n = 2 this is onsistent with
the present experimentally allowed range for tan θ12 (0.28 ≤ tan2 θ12 ≤ 0.58 at 3σ C.L. [38℄) pro-
vided that the order one oeients onspire to give∆12ν /(C
22
ν +C
33
ν )
√
(C23ν )
2 + (C33ν )
2 ∼ (2−3).
The CHOOZ angle in this sheme is sin θ13 ∼ ǫ2 ≃ 0.05, whih orresponds to sin2 2θ13 ∼ 0.01,
a value that should be aessible to the oming neutrino superbeam experiments T2K and
NOνA.
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Case 2: ǫn ∼ x≪ 1. The neutrino masses are given by, in units of v2u
MR
and at leading order
in ǫn ∼ x:
mν1 = |C22ν + C33ν |
∣∣∣1−√1− 4 detN
(C22ν +C
33
ν )
3
ǫ2n
x2
∣∣∣ x
2
, (89)
mν2 = |C22ν + C33ν |
(
1+
√
1− 4 detN
(C22ν +C
33
ν )
3
ǫ2n
x2
) x
2
, (90)
mν3 = |C22ν + C33ν | . (91)
The ratio of solar to atmospheri neutrino osillation frequenies then reads:
∆m221
∆m232
= x2
√
1− 4 detN
(C22ν + C
33
ν )
3
ǫ2n
x2
∼ x2 , (92)
and the solar mixing angle is given by:
tan2 θ12 =
(∆12ν ∆
13
ν )
2 + (C23ν )
2[(∆12ν )
2 + (∆13ν )
2](mν1/ǫ
n)2
(∆12ν ∆
13
ν )
2 + (C23ν )
2[(∆12ν )
2 + (∆13ν )
2](mν2/ǫ
n)2
. (93)
Neutrino osillation data require x ∼ 0.2, hene n = 1. The solar mixing angle naturally falls
into the experimentally allowed range, and the CHOOZ angle is predited to be lose to its
present upper limit, sin θ13 ∼ ǫ ≃ 0.22, whih ould be tested already by the MINOS, CNGS
(OPERA and ICARUS) or D-CHOOZ experiments.
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